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Errors and Uncertainties in the Measurement
of Ultrasonic Wave Attenuation and

Phase Velocity
Alexander N. Kalashnikov, Member, IEEE and Richard E. Challis

Abstract—This paper presents an analysis of the error
generation mechanisms that affect the accuracy of measure-
ments of ultrasonic wave attenuation coefficient and phase
velocity as functions of frequency. In the first stage of the
analysis we show that electronic system noise, expressed in
the frequency domain, maps into errors in the attenuation
and the phase velocity spectra in a highly nonlinear way;
the condition for minimum error is when the total mea-
sured attenuation is around 1 Neper. The maximum mea-
surable total attenuation has a practical limit of around 6
Nepers and the minimum measurable value is around 0.1
Neper. In the second part of the paper we consider elec-
tronic noise as the primary source of measurement error;
errors in attenuation result from additive noise whereas er-
rors in phase velocity result from both additive noise and
system timing jitter. Quantization noise can be neglected
if the amplitude of the additive noise is comparable with
the quantization step, and coherent averaging is employed.
Experimental results are presented which confirm the rela-
tionship between electronic noise and measurement errors.
The analytical technique is applicable to the design of ul-
trasonic spectrometers, formal assessment of the accuracy
of ultrasonic measurements, and the optimization of signal
processing procedures to achieve a specified accuracy.

I. Introduction

Ultrasonic spectrometers measure the ultrasonic
wave attenuation coefficient as a function of frequency,

and the more advanced instruments measure wave phase
velocity as well, also as a function of frequency. They gen-
erally apply to compression waves but similar principles
can be employed to measure transverse wave propaga-
tion in solid materials. Operating bandwidths vary con-
siderably but generally lie within the 1 MHz to 100 MHz
band. The geometrical arrangements of the components
in a spectrometer may take many forms. In the simplest
case two ultrasonic transducers are aligned coaxially on
either side of the test medium contained in a test cell. The
test medium can be liquid [1] or solid [2]. The transmis-
sion transducer is excited electrically and emits an ultra-
sonic signal, which passes through the test medium and
is received by the receiving transducer. The received sig-
nal is amplified and digitized. A signal processing unit,
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typically a PC or embedded processor, then executes a
number of processes on the received data which may in-
clude corrections for transducer and field diffraction ef-
fects, calibration operations, filtering and/or coherent av-
eraging to improve the signal-to-noise ratio (SNR), and
finally calculation of the required functions—attenuation
and phase velocity. It is possible to replace the receiv-
ing transducer with a plane reflector, a single transducer
then acting as both transmitter and receiver—the pulse-
echo configuration. The measurement distance (the gauge
length) between the transmission transducer and the re-
ceiver or reflector is adjustable in the more sophisticated
instruments (such as the Ultrasizer, Malvern Instruments
Ltd, Malvern, Worcestershire, UK) or may be fixed due to
reasons of cost or physical constraints such as in applica-
tions to process pipework of predetermined diameter. In
all configurations it is important that the active faces of
the transducers, or the reflector, be maintained in parallel
alignment to avoid signal distortions that ultimately would
impose a low pass envelope on the received signal [3].

A typical application of ultrasonic spectrometry to solid
materials is the tracking of the cure of epoxy (and other)
thermoset materials [4]; here the phase velocity dispersion
and the attenuation functions enable the real and imagi-
nary parts of the elastic modulus governing propagation to
be tracked during and after the cure of the polymer. Where
combined compression and shear wave measurements are
used, it is possible to track the separate development of
the three principal elasticity parameters—bulk modulus,
Young’s modulus, and shear modulus [5]. In the case of liq-
uid materials the most common application is in the study
of particulate suspensions—solid-in-liquid dispersions and
emulsions [6]. The aim of such studies is ultimately to mea-
sure the dispersed particle size distribution (the Ultrasizer,
mentioned above) and dynamic effects such as floccula-
tion [7] and crystallization [8]. A demanding application is
the detection of “no-change” in a reacting material: In an
earlier study of a silica sol-gel transition we showed that
compression wave phase velocity dispersion remained con-
stant over the transition to within ±0.01 ms−1 over a band
between 5 MHz and 45 MHz [9].

In all of the above applications we have observed that
our wave propagation data was the least reliable, that is,
most variant, in situations where the measured absorption
was either very low or very high. This has important im-
plications for the design of process instruments in which
it is necessary to optimize the gauge length, the operating
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Fig. 1. Basic configuration of an ultrasonic spectrometer. The dotted
lines indicate signal paths representing parasitic multiple reflections
in the buffers used to couple ultrasound between the transducers and
the test medium.

frequency range, filtering and averaging schemes to con-
trol the SNR, and the design of electronic systems that
are crucial to overall spectrometer performance. The prin-
cipal determinants of errors in measured ultrasonic data
are electronic noise (additive, quantization, and timing jit-
ter) and numerical/computational rounding. In this paper
we adopt a statistical technique [10] based on Lindley [11]
to calculate both variance and bias errors in ultrasonic at-
tenuation and phase velocity in relation to equipment elec-
tronic noise. We show that noise maps into measurement
errors in a highly nonlinear way and that errors are likely
to increase dramatically for both high and low attenuation
in the test material, confirming our earlier empirical ob-
servations. The analysis provides the basis for optimizing
the design of ultrasonic spectrometer systems with appli-
cations in both laboratory and process environments.

II. Mapping Variations in Recorded Signals into

Uncertainties in Attenuation Coefficient and

Phase Velocity

A. Basic Spectrometer Configuration

Fig. 1 shows a schematic of a typical ultrasonic spec-
trometer. The signal pathway expressed in the frequency
domain is

S(ω) = ET (ω)ER(ω)tbt ttb T (ω)R(ω)F (ω)X(ω),
(1)

where X(ω) is the response of the test liquid, ET (ω) and
ER(ω) are the frequency responses of the transmitter and
receiver electronics, respectively, and T (ω) and R(ω) are
the responses of the transmission and reception transduc-
ers, respectively. The terms tbt and ttb represent the am-
plitude transmission coefficients between the buffer and
the test medium and vice versa, respectively. Nomencla-
ture used in this paper is given in Table I. F (ω) represents
radiation coupling between the transducers and is a func-
tion of the acoustic wavenumber in the test liquid and the
gauge length d, although it is common to restrict ω to fre-
quencies that approximate near-field coupling conditions,
where F (ω) is assumed to be unity. In a typical operation
all of the system-dependent functions are obtained by a

Fig. 2. A typical signal record in the time domain. (1) is the excitation
signal breakthrough, (2) is the window of interest, and (3) represents
the parasitic multiple reflections. The origin of time (t = 0) is the
point of transmission, and τ is the time delay to the data acquisition
trigger.

calibration using a test liquid with well-known properties,
typically distilled, degassed water. Eq. (1) then becomes

X(ω) = S(ω)/H(ω). (2)

Here we regard X(ω) as the complex quantity that is ap-
parent from physical measurement, and H(ω) is the cali-
bration spectrum. In most instruments parasitic multiple
reflections will occur in the buffer materials and in the test
medium itself, and because of these it is generally advan-
tageous to use a short pulse excitation to the transmitting
transducer combined with an appropriate time domain
window to select out the first signal component through
the test medium (Fig. 2). In any real spectrometer there
will be some residual error in the calibration procedure
as well as contributions from electronic noise sources—
Johnson noise, shot noise, quantization noise, and timing
jitter noise. In later sections of this paper we will deal sep-
arately with the different types of noise. The ultrasonic
propagation variables, attenuation and phase velocity, are
related to the true value of X(ω) which we denote as X̂(ω)
thus:

X̂(ω) = exp
{

−jω

[
d

c(ω)
− τ

]}
exp [−α(ω)d] ,

(3)

where d is the propagation distance in the test medium,
c(ω) is the phase velocity, α(ω) is the amplitude attenu-
ation coefficient, and τ is the data acquisition delay. The
first term gives the signal phase shift referred to the data
capture window and includes phase shifts brought about
by the frequency-dependent phase velocity, c(ω). The sec-
ond term represents amplitude attenuation, again as a
function of frequency following Beer’s law. Thus, in prin-
ciple, the phase velocity is calculated from the phase spec-
trum

c(ω) =
d

∠X(ω)
ω

+ τ

, (4)

and the attenuation from the amplitude spectrum

α(ω) = −1
d

ln
∣∣X(ω)

∣∣. (5)

Due to electronic noise and other errors, the measured
spectrum will differ from the true spectrum; we now con-
sider how these errors affect the above two calculations,
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TABLE I
Nomenclature.

Operators Variables and parameters Indices

E expectation H(ω) calibration spectrum p phase
F Fourier transform S(ω) received spectrum m modulus (amplitude)
Q quantization c(ω) phase velocity a additive noise

α(ω) attenuation coefficient q quantization noise
Statistical terms L number of averages j jitter noise
b bias N number of data samples in a record I in-phase component
B relative bias τ delay between the start of the excitation Q quadrature component

pulse and start of data acquisition
σ standard deviation r random number with zero mean and T true value

unity variance

and we begin by assuming that the measured spectrum is
the sum of the true value, bias in the measured spectrum,
and random errors in the measured spectrum, such that∣∣X(ω)

∣∣ =
∣∣X∣∣

T
+ bm + rmσm

∠X(ω) = (∠X)T + bP + rP σP

, (6)

where the variables b represent measurement bias, r repre-
sent random variables with zero mean and unity variance,
and σ are the actual standard deviations. In most cases the
random variables are expected to be normally distributed.
Subscripts T , m, and p relate to the true values, modulus,
and phase, respectively. All the variables in the right-hand
sides of (6) are functions of frequency, and in subsequent
working this dependence will be assumed.

B. Generic Consideration of Bias and Variance

We consider the general case when a required function
f is to be calculated from a number of measured variables
xn which are themselves associated with errors in the form
of bias and variance. We require estimating the bias and
variance in f as functions of the bias and variance asso-
ciated with measured variables xn. Following our earlier
work [10], [12], [13] we extend the technique of Lindley
[11] and expand f about its value, calculated on the basis
of means of raw data xn using a Taylor expansion up to
second order:

f (x0, x1, . . . , xN ) = f (x0, x1, . . . , xN )

+
N∑

n=0

(xn − xn)
∂f

∂xn
+

1
2

N∑
n=0

(xn − xn)2
∂2f

∂x2
n

+
N∑

n=0

N∑
n=0
m�=n

(xn − xn) (xm − xm)
∂2f

∂xn∂xm

+ higher order terms. (7)

Taking expectations on each side of (7) we obtain f as

E(f) = f (x0, x1, . . . , xN ) +
1
2

N∑
n=0

σ2
n

∂2f

∂x2
n

+
N∑

n=0

N∑
m=0
m�=n

ρnmσnσm
∂2f

∂xn∂xm
, (8)

where σn is the variance of xn, and ρnm is the correlation
coefficient of xn on xm. If each xn is associated with a bias
bn with respect to its true value xT

n ,

bn =
(
x − xT

n

)
; (9)

then the bias in f becomes

b(f) = E (f (x0, x1, . . . , xN )) − f
(
xT

0 , xT
1 , . . . , xT

N

)
=

N∑
n=0

(
bn

∂f

∂xn
+

1
2
σ2

n

∂2f

∂x2
n

)

+
N∑

n=0

N∑
m=0
m�=n

ρnmσnσm
∂2f

∂xn∂xm
.

(10)

The variance in f is obtained by taking the variance of
the right-hand side of (7), approximated to first order:

σ2
f =

N∑
n=0

σ2
n

(
∂f

∂xn

)2

+ 2
N∑

n=0

N∑
m=0
m�=n

ρnmσnσm
∂2f

∂xn∂xm
.
(11)

It is useful to consider relative bias and relative stan-
dard deviation by dividing (10) and (11) by some notional
true value and expressing the result as a percentage error.
However, the true value f

(
xT

n

)
will be the subject of mea-

surement and not known a priori, and so expected values
E (f (xn)) are used to give estimates of relative errors.

C. Errors in the Estimate of Attenuation Coefficient α(ω)

The attenuation coefficient is calculated from a spec-
trum X(ω) measured over a distance d following (5). The
bias in α(ω) according to (10) is

b[α(ω)] = b(d)
∂α(ω)

∂d
+ bm

∂α(ω)
∂
∣∣X(ω)

∣∣
+

1
2
σ2(d)

∂2α(ω)
∂d2 +

1
2
σ2

m

∂2α(ω)

∂
∣∣X(ω)

∣∣2 . (12)
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Here we assume that there is no correlation between α(ω)
and d and so the summation term for n �= m in (10) is
zero. Taking (12) term by term we get

∂α(ω)
∂d

=
ln

∣∣X(ω)
∣∣

d2 ;

∂α(ω)
∂
∣∣X(ω)

∣∣ = − 1∣∣X(ω)
∣∣ 1
d
;

∂2α(ω)
∂d2 = −

2 ln
∣∣X(ω)|
d3 ;

∂2α(ω)

∂
∣∣X(ω)

∣∣2 =
1∣∣X(ω)

∣∣2 1
d
.

(13)

If we approximate the notional true value of α(ω) by (5),
the relative bias in α(ω) becomes

B[α(ω)] = −b(d)
ln

∣∣X(ω)
∣∣

d2

d

ln
∣∣X(ω)

∣∣
+ bm

(−1)∣∣X(ω)
∣∣d · −d

ln
∣∣X(ω)

∣∣
+

1
2
σ2(d)

(
−2

ln
∣∣X(ω)

∣∣
d3

)
· −d

ln
∣∣X(ω)

∣∣
+

1
2
σ2(|X(ω)|) l∣∣X2(ω)

∣∣d · −d

ln
∣∣X(ω)

∣∣ ,
or

B[α(ω)] = −b(d)
d

+
bm∣∣X(ω)

∣∣ · 1
ln

∣∣X(ω)
∣∣

+
σ2(d)

d2 − 1
2

σ2
m∣∣X2(ω)

∣∣ · 1
ln

∣∣X(ω)
∣∣ .

(14)

We now substitute for |X(ω)| from (5), and the second and
fourth terms in (14) become, respectively,

B2(α(ω)) =
−bm

α(ω)de−α(ω)d ; (15)

B4(α(ω)) =
σ2

m

2α(ω)d e−2α(ω)d . (16)

From (15) we see that the original bias in |X(ω)| con-
tributes to the relative bias in the measured α(ω) by the
factor

Mm(x) =
exp(x)

x
, (17)

where x = α(ω)d, the actual measured attenuation ex-
pressed in Nepers. Similarly, the variance term contributes
to B4 in (16) by the factor Mm(z), where z = 2α(ω)d. We
can rewrite (15) and (16) in the following form:

B2(α(ω)) = −bmMm[α(ω)d]; (18)

B4(α(ω)) = σ2
mMm[2α(ω)d]. (19)

Mm is a magnification factor which expresses the mapping
of errors in the raw data domain into the domain of mea-
sured variables; it exhibits a minimum value e = 2.718

Fig. 3. The magnification functions M2 (solid line) and M1 (dotted
line) versus total attenuation expressed in Nepers.

when x = 1. The contribution of (18) is minimized when
the total measured attenuation is α(ω)d = 1 Neper. The
contribution of (19) is minimized when α(ω)d = 0.5 Neper.
The functions Mm[α(ω)d] = M1 and Mm[2α(ω)d] = M2
are shown plotted in Fig. 3. We note the abrupt increases
in both functions for low and high values of measured at-
tenuation, and in a later section of this paper we consider
the implications of this in relation to the practical limits
for measurement.

The derivation of the variance in the measured atten-
uation is based on (11) with the correlation terms set to
zero as before. The variance in α(ω) normalized to α2(ω)
becomes

σ2(α(ω))
α2(ω)

=
σ2(d)

d2 +
σ2

m∣∣X2(ω)
∣∣ · 1(

ln
∣∣X(ω)

∣∣∣)2 .
(20)

The first term reflects the uncertainty in measurement
distance d. We interpret the second term as before, and
setting

∣∣X(ω)
∣∣ = e−α(ω)d from (5),

σ2(α(ω))
α2(ω)

=
σ2(d)

d2 +
σ2

m(
α(ω)d e−α(ω)d

)2

=
σ2(d)

d2 + σ2
mM2

m[α(ω)d].

(21)

In a manner similar to that for bias in α(ω), the effect
of the system noise is magnified by a factor M2

m[α(ω)d]
to get its contributions to the relative variance in α(ω).
This factor has a minimum value of e2 = 7.39 when the
measured attenuation is 1 Neper.

D. Errors in the Estimate of the Phase Velocity c(ω)

The ultrasonic phase velocity is obtained from the phase
spectrum φ(ω) = ∠X(ω), (4). The bias in c(ω) according
to (10) is
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b[α(ω)] = b(d)
∂c(ω)

∂d
+ bP

∂c(ω)
∂ (∠X(ω))

+
1
2
σ2(d)

∂2c(ω)
∂d2 +

1
2
σ2

p

∂2c(ω)

∂ (∠X(ω))2
. (22)

Here we again assume that there is no correlation be-
tween α(ω) and d and so the summation term for n �= m
in (10) is zero. Taking (12) term by term we get

∂c(ω)
∂d

=
c

d
;

∂c(ω)
∂ (∠X(ω))

= − c2

ωd
;

∂2c(ω)
∂d2 =

c

d2 ;

∂2c(ω)
∂ (∠X(ω))2

= 2
c3

(ωd)2
.

(23)

Then the relative bias becomes

B[c(ω)] =
b(d)
d

− bp
c

ωd
+ σ2

p

( c

ωd

)2
+

1
2

σ2(d)
d2 .

(24)

By denoting the magnification term

Mp =
c

ωd
, (25)

the relative bias becomes

B[c(ω)] =
b(d)
d

− bpMp + σ2
pM2

p +
1
2

σ2(d)
d2 .

(26)

This result is in line with expectation on the basis of phys-
ical intuition; relative errors increase for high measured
phase velocities and decrease as the gauge length is in-
creased. The derivation of the variance in the measured
phase velocity is based on (11) with the correlation terms
set to zero as before. The variance in c(ω) normalized to
c2(ω) becomes

σ2(c(ω))
c2(ω)

=
σ2(d)

d2 + σ2
pM2

p . (27)

Again we see that errors increase with measured phase
velocity and decrease with longer gauge lengths. More gen-
erally it will be noted that gauge length d appears in (14),
(21), (24), and (27), either because it contributes to to-
tal attenuation or because it affects velocity measurement.
The variance of the gauge length has an effect only if the
gauge length is changing. In situations where gauge length
itself is fixed for some reason, it will still affect the fre-
quency range within which α(ω) and c(ω) are measurable
within acceptable limits of error. The results obtained so
far are summarized in Table II; we now focus on the effects
on measurement errors of system-generated noise and the
statistical properties of received signals.

Fig. 4. Typical signal processing chain showing associated errors.

(a) (b)

Fig. 5. Noise model for a typical receiver amplifier: (a) schematic
diagram, and (b) RMS noise level at the output versus gain.

III. The Effects of Electronic Noise and Signal

Processing

We now consider how electronic noise maps into un-
certainties in the measured amplitude spectra and thence
affects errors in the estimation of α(ω) and c(ω).

A. Basic Signal Processing Scheme

Fig. 4 shows a typical system for the acquisition and
processing of acoustic spectroscopy signals. The figure in-
cludes acoustic noise at the input of the system to rep-
resent parasitic multiple reflections, which are generally
eliminated by careful choice of the data capture window
(Fig. 2); this noise will not be considered further in this
paper. Additive noise is inherent in all analogue electronic
devices, and a typical system can be modeled according
to Fig. 5. Two noise sources are shown: nout is indepen-
dent of the gain setting of the amplifier, and nin, is an
effective input noise component and is amplified; the in-
fluence of the latter on the system therefore depends on
gain G. The net additive noise at the amplifier output is

thus
√

(ninG)2 + n2
out; its distribution in frequency can be

either uniform (white noise) or nonuniform (colored noise).
The setting of the gain of the amplifier should be such as to
maximize the SNR and to make optimum use of the dy-
namic range of the analogue-to-digital converter (ADC),
leaving some headroom to avoid saturation.

The phenomenon of aliasing inevitably occurs when
analog signals are converted into digital form. As a source
of data errors it can be treated as a form of noise that ulti-
mately affects the overall system SNR. The severity of the
effects of this noise depends on the bandwidth of the signal
compared to the sampling frequency. It can be quantified
[14] as a relative aliasing error eal:

eal ≤ 9.5 (∆f/fs)
2
, (28)
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TABLE II
Results of Preliminary Statistical Analysis.

Attenuation coefficient Phase velocity

Relative bias B[α(ω)] = −bmMm[α(ω)d] + σ2
mMm[2α(ω)d] B[c(ω)] = −bpMp + σ2

pM2
p

Relative variance
σ2(α(ω))

α2(ω)
= σ2

mM2
m[α(ω)d]

σ2(c(ω))
c2(ω)

= σ2
pM2

p

Magnifying factor Mm(x) =
exp(x)

x
Mp =

c

ωd

where ∆f is the system bandwidth and fs is the sampling
frequency. For typical acoustic spectroscopy systems eal

can often be neglected; for example, a typical arrangement
based on a 10-MHz transducer with a bandwidth of 60% of
the center frequency and a sampling frequency of 400 MHz
results in eal around 0.2%, which is negligible compared
to other sources of error. However, if the sampling fre-
quency is reduced to its lower practical limit, 40 MHz for
the 10-MHz transducers, then eal will rise to around 20%,
which cannot be neglected. Quantization noise occurs in
the ADC and arises from the expression of continuous sig-
nals with a continuous range of amplitudes in digital form
with a finite number of binary bits. Jitter noise arises from
random timing errors during the signal sampling process.
In most systems ultrasonic data are digitized in frames
of, typically, 1024 or 2048 samples, and jitter can occur
in the timing of the start of the frame or in the inter-
vals between individual samples within a given frame. In
practice we have found that frame jitter is the dominant
source of error, whereas individual sample jitter can be ne-
glected. Coherent averaging of successive frames is usually
necessary to improve the SNR; L averages give an improve-
ment in the SNR of

√
L. In principle the averaging process

could be associated with arithmetic rounding errors, but
if floating point arithmetic is used, such errors are neg-
ligible. However, frame jitter does impinge upon coherent
averaging, and we shall discuss the implication of this later.
Frequency transformation by fast Fourier transform (FFT)
involves significant computation with associated numerical
errors, although if, as is usual, floating point arithmetic is
employed with a resolution of at least 20 bits, these er-
rors are negligible [15]. The final calculations of α(ω) and
c(ω) are potentially ill-conditioned and consequently are
usually carried out using double-precision arithmetic; this
renders computational errors insignificant. Consequently
the equation for the evaluation of the frequency spectrum
of the recorded pulse becomes

S(ω) = F

{
1
L

L∑
l=1

Q [s (t − ∆tl) + nl]

}
, (29)

where Q is a quantization operator, F is the Fourier trans-
form operator, s is the true signal, nl represents the addi-
tive noise, and ∆tl represents the effect of the frame jitter.
We now consider the effects of quantization, additive noise,
and timing jitter.

Fig. 6. Continuous PDF of the mixture signal plus noise (above) that
transforms by digitization into a discrete probability mass function
(below). Quantization levels are shown by circles. The dotted line
represents the true value, and the dashed line represents the expected
value.

B. The Influence of Quantization

Fig. 6 shows the amplitude distribution of additive noise
centered on the notional true signal value s at time t
(xt = s(t)). The horizontal axis is calibrated in quanti-
zation amplitude steps qj , qj+1, etc. The quantized ampli-
tude is a discrete random variable Q = qj . When the sig-
nal is quantized, there will exist the probability P (Q = qj)
that the quantized value will be qj :

P (Q = qj) =

qj+1∫
qj

pdfs+n(x)dx, (30)

where n is the noise amplitude at t, pdfs+n is the probabil-
ity density function (PDF) of the signal and noise mixture
at the same t. L successive measurements will result in
obtaining L values Ql with the average value of

QL =
L∑

l=1

Ql. (31)

Due to quantization and the finite value of L, this value
could be different from the expected value

E[Q] =
∑

l

P (Q = ql)ql, (32)
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shown by the vertical dashed line in Fig. 6. Thus the bias
in the digitized value is

b(xt) = xt − E[Q]. (33)

The variance of Q for L averaged measurements is

σ2 (QL) =
1
L

L∑
l=1

{Ql − QL}2

≈ 1
L

{∑
l

P (Q = ql)q2
l − E2[Q]

}
, (34)

where the right-hand part represents the expected value
at high values of L. After L averages, the digitized datum
is the random variable

xr = E[Q] + r1σ (QL) = xt + b + r1σ (QL) ,
(35)

where r1 is a random variable whose PDF is of the same
form as that of Q but which has zero mean and unity vari-
ance. In the above, b and r1 are associated with digitization
at a given time t in the signal record; they both depend
on the difference between x, and the nearest quantization
value qj on the left-hand side of xt (see Fig. 6). Following
[16]–[18] the difference xt − qj is considered as a random
variable uniformly distributed between qj and qj+1, the
quantization box. We obtain

xr = xt + b + r1

√
σ2

q + r2

√(
b − b

)2
. (36)

The bars over the variables represent averages taken
over the quantization box, and the random variable r2 has
unity variance and represents the PDF of the bias. A sim-
ple simulation has been used to investigate the effects of
the last two terms in (36). The additive noise was assumed
to be Gaussian with the ratio of the standard deviation σa

to the quantization step varied up to a maximum of 80 dB.
The quantization box was divided into 10,000 equal inter-
vals, and at the center of each, b and σq were calculated
using (32)–(34); these values were then averaged over the
quantization box to evaluate the variance and bias terms
in (36). As expected, the average bias remained constant
at −0.5q for all noise levels. Fig. 7 shows the ratio of the

calculated variance
√

σ2
q divided by the quantization step

q plotted against σa, again divided by the quantization
step q. Two asymptotes are shown on the figure. The hor-
izontal dashed line represents the standard deviation of
the quantization noise with a value q/

√
12, and the second

asymptote represents the additive noise per se and has a
slope of unity. The X’s on the figure represent the calcu-
lated results. It is clear that for σa/q > 0.2 the variance
term can be approximated by

σ2
q ≈ σ2

a + q2/12. (37)

The region σa/q > 0.2 in (37) provides a set of maxi-
mum values related to the quantization noise, and can be

Fig. 7. Standard deviation of additive noise after quantization versus
the standard deviation of the additive noise itself, both normalized to
the quantization step q (X’s). The horizontal asymptote represents
the quantization noise itself, and the sloped asymptote the additive
noise in the absence of quantization. The solid line represents ap-
proximation (37).

used as an upper estimate for the cumulative (additive and
quantization) noise without the need of extensive simula-
tion; the solid line in Fig. 7 represents this approximation.
Thus the impact of quantization noise on the averaged
noise after digitizing is small relative to the additive noise;
this is in agreement with the earlier results of Brown [19].
Fig. 8 shows the results for the final (bias) term in (36).

For low amplitudes of additive noise,
√

(b − b)2 approaches
q/

√
12; for additive noise of the order of or greater than the

quantization step, the bias term approaches zero. Thus if
the additive noise amplitude exceeds the quantization step
and if floating point averaging arithmetic is used, then the
influence of quantization is negligible. Finally, we can take
the combined quantization and frequency transformation
without including the quantization operator:

S(ω) ≈ 1
L

F

{
L∑

l=1

x(t − ∆tl)

}
+

1
L

F

{
L∑

l=1

nl

}
.

(38)

C. The Influence of Additive Noise

The last term in (34) represents the discrete Fourier
transformation of additive noise in the time domain. Fol-
lowing earlier considerations by Schoukens and Renneboog
[20] and by Blair [14] we can represent this term as

1
L

F

{
L∑

l=1

n1

}
≈ r3σa

√
N

2L
+ jr4σa

√
N

2L
,

(39)

where r3 and r4 are uncorrelated random variables of zero
mean and unity variance, and σa is the noise standard
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Fig. 8. Bias bn induced by the additive noise versus the standard
deviation of the additive noise, both normalized to the quantization
step q.

deviation. N is the number of data samples in the trans-
formation and L is the number of coherent averages. The
divisor 2 in the two terms on the right-hand side of (39)
arises from an equal partition of the noise power into the
real and imaginary parts of the transformation. The ex-
pression holds for spectrally white noise but a correction
is required when the noise is band-limited [20]. For exam-
ple, if the sampling system operates at a rate of 400 MHz
and the noise is band-limited to 100 MHz, then σn would
be increased by a factor of

√
2 up to 100 MHz and set to

zero thereafter. In general, σa should be considered as a
function of frequency σa(ω). It is apparent from (39) that
in order to achieve a given frequency resolution by setting
the time domain record length, it would be better to pad
the received signal record with zeroes rather than to record
larger numbers of actual data samples.

D. The Influence of Timing Jitter

The variable ∆tl represents jitter in (29). If we assume
that ∆tl is relatively small and that we are concerned with
frequencies much less than the sampling frequency, we get:

1
L

F

{
L∑

l=1

s(t − ∆tl)

}
=

1
L

L∑
l=1

F {s(t)} exp(jω∆tl).
(40)

For ω∆tl � 1, the exponential term approximates to

ω∆tl � 1 ⇒ exp(jω∆tl) ≈ 1 + jω∆tl, (41)

from whence (40) becomes

1
L

L∑
l=1

F {s(t − ∆tl)} = F {s(t)} + F {s(t)} jω

L

L∑
l=1

∆tl.
(42)

The first term on the right-hand side of (42) represents
the undisturbed signal spectrum ST (ω); the second term is

(a) (b) (c)

Fig. 9. Phasor diagrams of the spectral estimate S: (a) following (44),
(b) after rotation of the additive noise components, and (c) following
(45).

proportional to the sum of ∆tl which can be considered as
a random variable with zero mean and standard deviation
σj . Eq. (40) can therefore be written as

l

L
F

{
L∑

l=1

s(t − ∆tl)

}
≈ ST (ω) +

jω√
L

ST (ω)σjr5,
(43)

where r5 has zero mean and unity variance and a form that
corresponds to the jitter PDF which is generally taken as
Gaussian [14], [21].

E. The Influence of Electronic Noise from All Sources

Combining (39) and (43) we get

S(ω) =

ST (ω) +
jω√
L

ST (ω)σjr5 + r3σa

√
N

2L
+ jr4σa

√
N

2L
. (44)

Thus the spectrum estimated from an averaged record de-
pends on three random vectors on the phasor diagram that
is shown in Fig. 9(a). The orthogonal components repre-
senting the additive noise can be rotated on the diagram
by an arbitrary angle [14], and we can therefore set one
component in phase with ST , and a second one in quadra-
ture to ST [Fig. 9(b)]. This reduces the noise components
to simple in-phase and quadrature components [Fig. 9(c)];
(44) becomes:

S(ω) =
ST (ω)∣∣ST (ω)

∣∣ (∣∣ST (ω)
∣∣ + σIrI + jσQrQ

)
,

(45)

where

σ2
I = σ2

a

N

2L
; σ2

Q = σ2
a

N

2L
+ σ2

j

∣∣ST

∣∣2ω2

L
. (46)

If the averaged signal possesses a reasonable SNR, that is,∣∣ST

∣∣ � σI and
∣∣ST

∣∣ � σQ, we can obtain the statistical
parameters of the amplitude and phase spectra:

|S| =
√(∣∣ST

∣∣ + σIrI

)2 + (σQrQ)2 ≈
∣∣ST

∣∣ + σIrI ,
(47)

∠X − ∠XT = ∠S − ∠ST =

arctan
σQrQ∣∣ST

∣∣ + σIrI

≈ σQrQ∣∣ST

∣∣ ,
(48)
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(a) (b)

Fig. 10. Recorded signals: (a) superimposed in the time domain, and (b) after coherent averaging.

from which

E {|S|} =
∣∣ST

∣∣; E {|X |} =

∣∣ST

∣∣
|H| ; bm = 0;

σm(ω) =
σI(ω)
|H| =

σa(ω)
|H|

√
N

2L
(49)

and

E{∠X} = ∠ST − ∠H; bp = 0;

σp(ω) =

√
σ2

a(ω)∣∣ST

∣∣2 N

2L
+ σ2

j

ω2

L
.

(50)

Consequently, electronic noise introduces no bias in the
amplitude and phase spectra of the received signal. The
frame jitter noise affects only the phase spectrum, whereas
the additive noise affects both amplitude and phase spec-
tra (see Table III).

IV. Verifying Experiments and Results

Experimental data were collected using a commercial
ultrasonic pulser-receiver with an operating bandwidth of
60 MHz (UPR, NDT Solutions Ltd, Chesterfield, UK);
received and amplified data were recorded using a digi-
tal storage oscilloscope (DSO, model 9450, LeCroy Inc.,
Chestnut Ridge, NY), sampling at 400 MHz. The ultra-
sonic transducers (V317, Panametrics Inc., Waltham, MA)
had a center frequency of 20 MHz and a bandwidth around
14 MHz. The test medium was chosen to be water because
its properties are well documented; the ultrasonic path
length in the water was set to d = 3.2 mm. Data consist-
ing of 1000 frames of 202 samples each were collected with
the trigger delay set to τ = 2 µs. The raw signal records
[Fig. 10(a)] exhibit noticeable noise that is significantly
reduced by coherent averaging [Fig. 10(b)]. The Fourier
transform of every record was calculated, and the ampli-
tude and phase spectra were averaged separately. These
averaged spectra were regarded as true received spectra∣∣ST (ω)

∣∣ and ∠ST (ω), respectively. Water was considered

Fig. 11. Frequency domain results for water: Theoretical propaga-
tion loss (solid line with X’s), averaged amplitude spectrum

∣∣ST (ω)
∣∣

(dotted line), and the derived calibration spectrum |H(ω)| (dashed
line).

in all practical senses as a dispersion-free medium obeying
Beer’s law [22] with the attenuation coefficient

αT (ω) = 2.3(f/10 MHz)2 [Neper/m]. (51)

The calibration amplitude spectrum was derived as

|H(ω)| =

∣∣ST (ω)
∣∣

exp (−αT (ω)d)
. (52)

The theoretical attenuation, averaged amplitude spec-
trum, and calculated calibration spectrum are shown in
Fig. 11. The phase spectrum was unwrapped within the
range 10–40 MHz, and a least squares linear fit was ap-
plied in order to determine its gradient [23]. The value ob-
tained was 1.15 rad/MHz, and hence the theoretical phase
spectrum was

ϕ(ω) = 1.15(f/MHz) [rad], (53)
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TABLE III
Effects of Instrumentation Noise on Amplitude and Phase Spectra.

Bias induced by the Standard deviation induced
instrumentation noise by the instrumentation noise

Amplitude spectrum bm = 0 σm(ω) =
σa(ω)
|H|

√
N

2L

Phase spectrum bp = 0 σp(ω) =

√
σ2

a(ω)∣∣ST

∣∣2 N

2L
+ σ2

j

ω2

L

Fig. 12. Frequency domain results for water: Theoretical phase spec-
trum (solid line with X’s), averaged phase spectrum �ST (ω) (dotted
line), and the derived calibration spectrum �H(ω) (dashed line).

and the calibration phase spectrum

∠H(ω) = ∠ST (ω) − ϕ(ω). (54)

These spectra are shown in Fig. 12. The additive noise
was quantified by calculation of the standard deviation of
the amplitude spectrum [Fig. 13(a)], equal to σa(ω)

√
N/2.

By relating this to
∣∣ST (ω)

∣∣ we obtained an SNR greater
than 20 dB in the range of 10–37 MHz and greater than
40 dB in the range of 17–27 MHz [Fig. 13(b)]. The standard
deviation of the phase spectrum was obtained from the
experimental records and compared to the curve obtained
using (50) with σj = 0.72 ns; Fig. 14 shows good agreement
between these two results.

Finally, the attenuation coefficient and phase velocity
were calculated for each of the unaveraged records. Fig. 15
shows the attenuation results superimposed on the the-
oretical curve; it is clear that the experimental data are
highly variant, particularly at the low- and high-frequency
ends of the spectrum. This illustrates the effect of the
gauge length (d) and magnification function (Mm) terms
on the right-hand side of (21). This is illustrated further in
Figs. 16 and 17 where the experimental relative bias and
standard deviations are plotted together with theoretical
values calculated using Table I. The calculated theoretical

data were obtained using measured additive noise spectra
rather than a Gaussian approximation to idealized white
noise [13], and an excellent match can be seen between the
two curves. Equivalent data for the phase velocity, its rela-
tive bias, and its standard deviation are shown on Figs. 18
to 20, from which it can be seen that there is, again, excel-
lent agreement between measured and theoretical results.

V. Discussion

The considerations above have shown that the principal
effect of electronic noise is to impart variance to measured
attenuation and phase velocity data, and that any bias
in measured data, which results from noise, is negligible.
We now consider the implications of these results for the
calibration of ultrasonic instruments, and the estimation
of measurement uncertainty—both for one-shot recordings
and when a number of records are coherently averaged.

A. Instrument Calibration

Ultrasonic spectrometers require calibration procedures
that essentially determine the frequency response and gain
of the electronic system, and the frequency response and
the insertion loss of the transmitting and receiving trans-
ducers and the coupling layers with which they are linked
to the test medium proper. In order to estimate the statis-
tical performance of the system and to plan noise reduc-
tion strategies such as filtering and coherent averaging,
it is also necessary to determine the additive and jitter
noise properties of the system. The additive noise is best
measured as a number of frames of data with the electron-
ics connected to the transducers but with the output of
the transmitter pulser switched off. The statistics of the
frame jitter are more difficult to assess, and in an earlier
publication [24] we have suggested a dedicated algorithm
that can be used to make reliable estimates of the stan-
dard deviation of the jitter. The key to the method is to
first estimate the standard deviation of the received phase
spectrum as a function of angular frequency and then to
fit a straight line to the data using the least mean squares
method. The slope of the line gives the required standard
deviation directly. The method requires no special experi-
mental conditions and can easily be combined with other
calibration procedures. In many experiments on a number
of different systems from various manufacturers, we have
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(a) (b)

Fig. 13. Standard deviation of the measured amplitude spectrum σm(ω)
√

N/2: (a) absolute value, and (b) normalized to the averaged

spectral values
∣∣ST (ω)

∣∣ expressed as a percentage.

Fig. 14. Standard deviation of the phase spectrum σp(ω) expressed
in radians: Experimental record (solid line), and calculated from (50)
(dotted line).

found that the standard deviation of the frame jitter was
always less than 0.3 of the system sampling interval, and
we believe that it is safe to take this value as a worst case
estimate for all systems incorporating modern electronics.

B. Estimation of the Uncertainty of a Single Measurement

The majority of commercial ultrasonic instruments and
digitizing systems are supplied with specifications that
quantify the uncertainty of conventional parameters such
as gain, bandwidth, and noise levels. However, we have
shown above that the overall uncertainty of ultrasonic
measurements depends not only on the performance of the
electronic systems but also on the properties of the test
medium—viz., the actual attenuation that will be mea-
sured (in Nepers) over a given range of frequency. It is
therefore necessary to estimate the value of this attenua-

Fig. 15. Frequency domain results for water: Ensemble of measured
attenuation coefficients calculated without averaging superimposed
on the theoretical result (solid line). The variant nature of the ex-
perimental results is clear.

tion. Using the theory presented above, this is then com-
bined with the measured or specified noise statistics to es-
timate the expected errors in measurement of attenuation
and/or phase velocity. For example, Figs. 17 and 20 pro-
vide a clear indication of the achievable uncertainty in the
case of water. The relative standard deviation of a single
measurement of the attenuation coefficient was more than
10%, even close to the center of the passband of the trans-
ducer. In contrast, the same parameter for the phase ve-
locity was less than 0.035% across a wide frequency range.
The final judgment on the acceptability of a single mea-
surement will depend on the application. Where it is nec-
essary to detect change or no-change, the decision can be
made on the basis of error bars with limit values set at,
say, three standard deviations on either side of the mean.
Fig. 21 gives an example of such a scheme for a single
experimental record.
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Fig. 16. Relative bias in the attenuation coefficients for water versus
frequency: Values calculated using Table I (solid line), and experi-
mental results (X’s).

Fig. 17. Relative standard deviation of the attenuation coefficients
for water versus frequency: Values calculated using Table I solid line),
and experimental results (X’s).

C. Estimation of the Uncertainty of Measurements
with Coherent Averaging

Averaging can be performed by transmitting the raw
records to a personal computer, but this involves consid-
erable time for the data transfers. Advanced instruments
provide embedded averaging that reduces this overhead
and speeds up measurements. However, it can still be time-
consuming to assess measurement uncertainty in the con-
ventional way by a statistical study of a large ensemble of
records. In contrast, the application of (49) and (50) pro-
vide for relatively rapid estimates and incorporate the

√
L

reduction in the standard deviation for both the attenua-

Fig. 18. Frequency domain results for water: Ensemble of measured
phase velocities calculated without averaging superimposed on the
theoretical group velocity (solid line).

Fig. 19. Relative bias in the phase velocities for water versus fre-
quency: Values calculated using Table I (solid line), and experimental
results (X’s).

tion and phase velocity. For example, using L = 100 leads
to a tenfold decrease in uncertainty; the relative standard
deviation of the attenuation coefficient falls to the order
of a few percent, and the standard deviation of the phase
velocity to the order of 40 ppm. The corresponding graphs
for change detection are shown in Fig. 22.

The required number of averages to achieve a specified
uncertainty can be determined from the following expres-
sion:

L ≥ max

⎛⎝√
max [σα(ω)]
σα desired

,

√
max [σc(ω)]
σc desired

⎞⎠ ,
(55)
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Fig. 20. Relative standard deviation of the phase velocities for water
versus frequency: Values calculated using Table I (solid line), and
experimental results (X’s).

where the desired values for the standard deviations of the
attenuation coefficient and phase velocity appear in the
denominators.

D. Ultrasonic Monitoring Systems for Processes

There is growing interest in the use of ultrasonic spec-
trometers for monitoring chemical processes for the forma-
tion of complex liquids and polymeric materials. In these
applications there are likely to be constraints on the design
of both the acoustic test cell and possibly the maximum
allowable signal levels that are applied to the transmitting
transducer. The most significant constraint is likely to be
the distance between the transmitting and receiving trans-
ducers (the gauge length d) since this will have to match
plant pipe or vessel dimensions. For a given test material
the total measured attenuation will be α(ω)d Nepers and
in most cases this will be a rising function of frequency. The
transducers themselves will have a maximum response at
their center frequencies, f0, falling to close to zero near
dc and at 2f0. The system SNR will be close to its max-
imum at f0, again falling away toward dc and 2 f0. The
noise magnifying factors M(α(ω)d) are minimum around
α(ω)d = 1 Neper and rise rapidly for lower and higher val-
ues of α(ω)d. In practice, these factors limit the total mea-
surable attenuation to lie in the range of 0.1 to 6 Nepers.
For any given material with characteristic α(ω) there are
thus maximum and minimum limits to the frequencies at
which measurements will be possible. It is useful to estab-
lish these limits a priori so as to avoid situations where the
information required about a test material lies outside the
measurable range. We therefore suggest that formal de-
sign protocols be developed for process applications; these
should include experiments to estimate the range of the at-

tenuation coefficients that are likely to be measured, and
over what frequency range. Also required will be infor-
mation on plant geometry to get the gauge length d, and
thence the maximum and minimum total attenuations that
will actually be measured. This will enable the noise mag-
nification factor to be calculated from (17). Knowledge of
the system noise standard deviation (σm) from (49) then
permits the expected variance error in the attenuation to
be calculated from (21). If this error is found to be unac-
ceptable then a required value for σm can be obtained from
(21) and then used in (49) and (55) to establish the num-
ber of coherent averages required to reduce noise-induced
errors to acceptable levels. A decision will then be required
as to whether the properties of the test material are likely
to be stationary for the time required for signal averaging.
Similar reasoning can be applied to the design of measure-
ments of ultrasonic phase velocity spectra.

VI. Conclusions

Ultrasonic compression wave attenuation and phase ve-
locity data provide useful information on the state of many
complex liquid and solid materials. Errors occur in the
measurement of attenuation and phase velocity, and em-
pirical observation over many years has indicated that the
range of total attenuation that was measurable fell some-
where in the range of 0.1 to 6 Nepers. This paper has
presented a formal statistical approach to the sources of
error and their significance. We have shown how additive
electronic noise affects the uncertainty of measurements of
both attenuation and phase velocity, and how timing jit-
ter affects errors in phase velocity estimation. Our most
significant observation is that electronic noise maps into
measurement errors in a highly nonlinear way and gives
rise to the range of measurable attenuation cited earlier
in this paragraph; the optimum measurement conditions
occur when the measured attenuation is close to 1 Neper.

In principle, errors can originate from digital processing
of acoustic signals. However, an appropriate sampling fre-
quency, effective anti-aliasing filters, and the use of float-
ing point computations of adequate precision for time-
to-frequency transformation render such errors negligible.
The influence of the quantization process also becomes
negligible if the standard deviation of the additive noise
is in the order of the quantization step, and coherent av-
eraging is employed.

Formulae have been derived that link the uncertainty
of acoustical spectroscopy measurements to the statistical
parameters of the instrumentation noise, timing jitter, and
measurement conditions. They can be used to estimate
the uncertainty of any given measurement or to establish
signal processing procedures, such as coherent averaging
and filtering, that would be required to achieve a specified
uncertainty in any given measurement. Most significantly,
the formulae provide the basis for the formal design of
ultrasonic attenuation and phase velocity spectrometers.
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(a) (b)

Fig. 21. Attenuation coefficient (left) and phase velocity (right) for water versus frequency: Theoretical values (solid line), results for a single
measurement (X’s), and error bars (vertical lines).

(a) (b)

Fig. 22. The effect of coherent averaging on attenuation (left) and phase velocity (right) results for water: Theoretical data (solid lines),
results for a measurement incorporating 100 coherent averages (X’s), and the corresponding error bars (vertical lines).
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